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Abstract

The aim of this study was to develop an efficient and realistic numerical model in order to predict the dynamic response

of belt drives. The belt was modeled as a planar beam element based on an absolute nodal coordinate formulation.

A viscoelastic material was adopted for the belt and the corresponding damping and stiffness matrices were determined.

The belt–pulley contact was formulated as a linear complementarity problem together with a penalty method. This made it

possible for us to accurately predict the contact forces, including the stick and slip zones between the belt and the pulley.

The belt-drive model was verified by comparing it with the available analytical solutions. A good agreement was found.

Finally, the applicability of the method was demonstrated by considering non-steady belt-drive operating conditions.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Belt drives are commonly used to transmit power in many engineering applications, such as automotive
engines, industrial machines, etc. Due to their simple installation and low maintenance, together with an
ability to absorb shocks, they are frequently used instead of a chain or geared transmission systems. However,
belt drives can exhibit complex dynamic behaviors such as transverse vibrations of the belt spans, tension
fluctuations, sliding of the belt over the pulley, etc. This can lead to fatigue of the belt, sliding wear and
unexpected angular speed loss between the driver and the driven pulleys. It is, therefore, very important to find
an effective approach for modeling and predicting the dynamic response of such belt drives. The literature
regarding the vibrations of belts and belt drives is extensive; in Ref. [1] a thorough literature review up to 1992
can be found. Several studies [2–4] have focused on the rotational response of serpentine belt drives, with the
belt acting only as a spring. The transverse vibrations of belts have been studied, for instance in Refs. [5–7],
where the belt span was modeled as an axially moving continuum. The coupling mechanism between the
rotational and transverse vibrations of belt spans was presented in Refs. [8–10]. The friction contact between
the belt and the pulley was presented in a review article [11], while the classical creep theory was reviewed in
Refs. [12,13]. The frictional contact in the serpentine belt drives was usually simplified.
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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Most recently Leamy and Wasfy [14] proposed a general, dynamic finite-element model of a belt-drive
system including detailed frictional contact. The finite-element model was able to predict the belt creep over
the pulleys and the belt-drive vibrations. The contact between the belt and the pulley was modeled using the
penalty method, together with a Coulomb-like tri-linear creep-rate-dependent friction law. By introducing the
torsional spring at the nodes of the truss elements the same authors improved their model by including
the bending stiffness [15]. However the belt drive modeling is not limited only to classical belt drives but also
for modeling timing-belt drives [16] and continuously variable transmissions with a belt or chain [17,18]. Using
the absolute nodal coordinate formulation, originally proposed by Shabana [19], the authors in Ref. [20]
developed a more general planar model of a belt drive. The belt was modeled using a two-dimensional shear
flexible element that accounts for both the bending and axial stiffness. The use of higher-order elements
enables the distribution of contact forces along the length of the finite element and a description of highly
nonlinear deformations. By using the distributed contact forces together with higher-order elements, a realistic
behavior was predicted for the belt drives using a significantly smaller number of elements and degrees of
freedom as compared to the finite-element model proposed in Ref. [14]. The extended formulation for three-
dimensional belt drives was presented in Ref. [21].

In the belt-drive studies [14,15,20,21] a penalty formulation along with an approximate Coulomb friction
law was used in order to model the belt–pulley contact forces. The advantages of using this approximate
Coulomb friction law are clear. First, the numerical problems associated with the discontinuity of Coulomb’s
friction law are avoided. Second, the need for different sets of equations to model the sticking contact is
removed. It is known that the discontinuous Coulomb friction law is more realistic, so in this paper we have
adopted it for the belt–pulley contact formulation. The unilateral contacts with friction have been a topic of
active research in the field of non-smooth multibody dynamics with unilateral contacts. The first study of
unilateral contacts in the form of LCP were published by Lötstedt [22]. In the framework of non-smooth
contact dynamics, Moreau [23] introduced a numerical treatment of body collections with unilateral contact,
Coulomb friction and impacts. The method is based on a time-stepping integrator without an explicit event-
handling procedure. Time-stepping methods operate in the impulse-velocity domain and are based on time
discretization of the system, including the contact condition in the normal and tangential directions. Without
essentially changing the computational strategies Jean [24] applied the method to treat the contacts between
deformable bodies. In recent years the time-stepping methods have been developing particulary rapidly
[25–27]. In comparison to time-stepping methods, the event-driven methods integrate the dynamical system
until the event occurs, for example, stick–slip transition, switch to contact solving and after proceeds the
integration. Depending on the type of contact, planar or spatial, it can be formulated as a linear or nonlinear
complementarity problem [28–32]. Another approach that uses an augmented Lagrangian formulation of the
contact problem with friction was presented by Alart and Curnier [33]. The method is particulary useful for
the treatment of the contacts between deformable bodies, addressed to quasistatic [34,35] or dynamic
situations [36]. In order to increase the numerical efficiency the augmented Lagrangian approach is combined
with the above-mentioned time-stepping methods [37,38].

In this paper, for the belt–pulley contact, the event-driven formulation is used, as proposed by Pfeiffer and
Glocker [28]. The strength of the formulation is in its simplicity, good accuracy and generality of use.
The planar contact between the belt and pulley, including the discontinuous Coulomb friction law, is based on
the LCP together with the penalty method. The presented contact model is able to handle continuous as well
as impact contacts.

The researchers in Refs. [14,20,21] assumed that the belt is elastic and they did not account for any
dissipative mechanism. Belt materials such as plastics, metal or ceramic-reinforced composite materials and
polymer materials do not obey Hooke’s law but usually exhibit viscoelastic behavior [39]. So, in this paper also
a viscoelastic belt material is employed using the absolute nodal coordinate formulation. The presented belt-
drive model using the absolute coordinates and a shape function leads to exact modeling of the rigid-body
inertia when the belt segment rotates and translates as a rigid body [40]. It automatically takes into account the
centrifugal as well as the Coriolis forces and is, therefore, appropriate for modeling belt drives at arbitrary
rotational speeds.

This paper is organized as follows. In Section 2 the model of the belt and pulley is presented. Section 3
presents the contact kinematics and the dynamics of the belt drive, including the contact forces. In Section 4
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the applicability of the belt-drive model is presented using numerical examples, and the conclusions are drawn
in Section 5.

2. The belt-drive model

In this study the planar belt drive, including one belt and an arbitrary number of pulleys, is investigated.
The drive is divided into the belt and the pulley, which is modeled separately and then joined together,
including the contact forces.

The belt is modeled as a planar beam element, using flexible multibody dynamics. An absolute nodal
coordinate formulation is proposed, which can be used in the large rotation and deformation analysis of
flexible bodies that undergo arbitrary displacements. The two-dimensional beam element is based on the
element originally proposed by Berzeri and Shabana [41]. In contrast to the study presented in Ref. [20] this
element does not include a shear deformation. However, here we have included the dissipative mechanism in
the belt model. An internal damping model for the absolute nodal coordinate formulation has already been
presented in Ref. [42]. Nevertheless, for the beam element used in this study the generalized nonlinear damping
force vector has not yet been presented in the literature. For this reason the derivation of the elastic and
damping forces are presented in more detail. Here, a viscoelastic belt material that obeys the Kelvin model is
proposed, with the constitution relation

slðx; tÞ ¼ E�lðx; tÞ þ Z
q�lðx; tÞ

qt
, (1)

where sl is the axial distributed stress, E is Young’s modulus, Z is the viscoelastic damping factor and �l is the
Lagrangian strain:

�l ¼
1

2
ðr0Tr0 � 1Þ; r0 ¼

dr

dx
; r ¼ SðxÞej. (2)

The vector r defines the coordinates of an arbitrary point on the beam axis, the matrix SðxÞ is the global shape
function and ej is the vector of the element nodal coordinates belonging to the element j. The virtual work due
to the elastic and dissipative forces can be written as follows:

dW ¼

Z
V

sd�l dV , (3)

where d�l is the virtual change of the longitudinal strain and V is the volume. Assuming that the cross-section
A is constant and the material is isotropic, the virtual work due to the longitudinal deformation is given as

dW l ¼ EAejT
Z L

0

�lSL dx dej þ ZAejT
Z L

0

q�l

qt
SL dx dej, (4)

where

�l ¼
1

2
ðejTSLe

j � 1Þ; d�l ¼
q�l
qej

dej ¼ ejTSLdej ; SL ¼ S0TS0. (5)

Here, dej is the virtual change of the element generalized coordinates and L is the length of the belt element.
The vector of generalized forces due to the longitudinal deformation associated with the element j can be
written as

Q
j
l ¼ ðK

j
l þ C

j
lÞe

j ; K
j
l ¼ EA

Z L

0

�lSL dx; C
j
l ¼ ZA

Z L

0

q�l

qt
SL dx, (6)

where K
j
l is the nonlinear stiffness matrix and C

j
l is the nonlinear damping matrix. The virtual work accounting

for the bending moment can be rewritten as

dW M ¼

Z L

0

MdM

EI
dx, (7)
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where I is the moment of inertia of the beam cross-section and M is the bending moment. Assuming small
longitudinal deformations, the curvature of the beam can be simplified as follows:

k ’
d2r

dx2

����
����. (8)

Taking into account only elastic forces and using Eq. (8) the vector of the generalized bending forces takes a
simple form

Q
j
M ¼ K

j
Mej ; K

j
M ¼ EI

Z L

0

S00TS00 dx. (9)

The system equations of motion including all nB beam elements of the belt can be written as

MB CT
eB

CeB 0

" #
€e

kB

( )
¼

QeB

QdB

" #
, (10)

where MB is the constant mass matrix of the belt [19], CeB is the Jacobian of the constraint equations, kB is the
vector of Lagrange multipliers, QeB is the generalized force vector that includes external, elastic and damping
forces, QdB is obtained through differentiation of the constraints and vector e ¼ fe1; . . . ; enBgT includes the
generalized coordinates of all the belt elements. The constraints that represent the connectivity conditions
between the flexible elements in the belt are linear functions of the element nodal coordinates. In this case the
Jacobian matrix CeB is constant and needs to be evaluated only once before the dynamic simulation. This
plays a significant role in the computational procedure proposed in Refs. [43,44], based on QR decomposition.
Using QR decomposition, the connectivity constraint forces can be systematically eliminated. Since the
number of connectivity constraints is always smaller than the number of coordinates, the QR decomposition
of the CeB matrix can be written as

CT
eB ¼ ½Q1 Q2�|fflfflfflfflffl{zfflfflfflfflffl}

Q

R1

0

� �
; QT

1Q2 ¼ 0; QT
2Q2 ¼ I, (11)

where R1 is an upper-triangular matrix, Q1 and Q2 are the partitions of the orthogonal matrix Q and I is the
identical matrix. Now, the following velocity transformation can be employed [43]:

_e ¼ Q2 _qB, (12)

where qB represents the vector of independent coordinates. Substituting Eq. (12) into Eq. (10), and
premultiplying by the transpose of the matrix Q2 we obtain reduced equations of motion, where only the
independent coordinates are evaluated [43]:

€qB ¼M
�1

B QT
2QeB; MB ¼ QT

2MBQ2. (13)

This method has demonstrated minimal constraint violations and improved the computational efficiency [44].
The pulley is modeled as a rigid cylinder, shown in Fig. 1. The vector qk

P of the generalized coordinates of
the pulley k is defined as qk

P ¼ fR
k
P; y

k
Pg

T. The Rk
P represents the translation of the origin of the pulley reference
Fig. 1. Pulley model.
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and yk
P represents the rotational coordinate. The pulley is connected to the ground by the revolute joint at P.

The point P is not necessarily the geometrical center of the pulley. This enables us to introduce the eccentricity e

of the pulley, which is usually the result of the manufacturing process. Furthermore, each pulley can have a
prescribed angular velocity _yk

P or torque Tk
P. The system equations of motion for all nP pulleys in the belt drive

can be written as

€qP ¼ HqqQeP þHqlQdP, (14)

where vector qP ¼ fq
1
P; . . . ; q

nP

P g
T includes all the pulleys generalized coordinates, QeP is the generalized force

vector, QdP is obtained through differentiation of the pulley constraints and the matrices Hqq and Hql are
presented in Ref. [45].

3. Formulation of the contact problem

In a belt drive, the belt is constrained to move over the surface of the pulley. Both the normal reaction force
FN and the tangential friction force FT are generated when the belt element contacts the pulley surface. The
belt–pulley contact model proposed in Refs. [14,15,20] uses a penalty formulation together with a Coulomb-
like tri-linear creep-rate-dependent friction law. The approximate Coulomb’s friction law eliminates the
specific physical phenomena implied by Coulomb’s friction law [46]. The condition of vanishing relative
velocities between the contacting bodies is not possible. Hence, the sticking is replaced by creeping with small
relative velocities. Events such as the transition from sticking to sliding or sliding to sticking are eliminated.

A steadily rotating belt drive with a belt–pulley contact governed by the Coulomb friction law develops a
single stick and slip zone on each pulley [14]. As the name suggests, the belt sticks to the pulley throughout the
stick zone. If the pulley is assumed to be rigid and the belt tension is constant over a time period, the stick
condition implies that the belt must maintain a constant strain in the stick zone. This further implies that the
belt tension is also constant and thus no frictional forces are supported by, or exerted on, the belt. This fact
actually justifies the use of an approximate Coulomb friction law in the case of steadily operating belt drives,
where the belt tension is assumed to be constant.

However, in the case when the belt tension is not constant, the use of an approximate Coulomb
friction law may not lead to exact belt–pulley contact forces. The belt tension can vary due to the non-steady
operating conditions, such as the changing velocity of the driver pulley, the time-varying torque on the
driven pulleys, the transverse vibration of the belt, etc. With automotive belt drives the crankshaft
oscillations are usually the source of the belt-drive excitations. Even in the case of steadily operating belt drives
the transverse vibration of the belt is present due to the presence of the axial velocity. Therefore, in this study
we have formulated the contact between the belt and the pulley as LCP, together with the penalty method,
which enables us to accurately predict the contact forces, even when non-steady belt-drive operations are
considered.

3.1. Contact kinematics

The contact is considered to be between the belt element j and the pulley k, as shown in Fig. 2. The
distances, relative velocities and changes of the relative velocities are determined by means of the relative
kinematics. Each belt element, denoted as j, has l 2 f1; 2; . . . ; ncg possible contact points, which are equally
spaced along the length of the element. According to Fig. 2, C1 and C2 are two possible contacting points that
may take the i-th contact pair. In order to derive the distance between possible contact points, both normals
have to be in parallel jni

1
T
� ni

2j ¼ 1. The coordinates of the possible contact point C2 are determined using the
pulley’s generalized coordinates

rC2
¼ Rk

P þ Aðyk
PÞuC2

, (15)

where A is the transformation matrix and uC2
is a position vector of the contact point in the pulley’s

coordinate system. The coordinates of the contact point C1 are determined using belt-generalized coordinates:

rC1
¼ SðxC1

Þe
j
B, (16)
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Fig. 2. Belt–pulley contact kinematics.
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where xC1
is the position of the contact point in the undeformed state. The normal distance can be written as

gi
N ¼ ni

2

T
rD, (17)

where ri
D ¼ rC2

� rC1
is the distance vector and ni

2 is the normal of the contact. The relative accelerations of the
contact points can be expressed as [28]

€gi
N ¼Wi

N

T
€qjk
þ wi

N ; €gi
T ¼Wi

T

T
€qjk
þ wi

T , (18)

where

Wi
N ¼

�SðxC1
Þ
T

I

uTC2
Ayðy

k
PÞ

T

8>><
>>:

9>>=
>>;ni

2; Wi
T ¼

�SðxC1
Þ
T

I

uTC2
Ayðy

k
PÞ

T

8>><
>>:

9>>=
>>;ti2, (19)

wi
N ¼ ni

2

T
ð�Aðyk

PÞð
_yk

PÞ
2uC2
þ Ayðy

k
PÞ
_yk

P _uC2
Þ þ _ni

2
Tð _Rk

P þ Ayðy
k
PÞ
_yk

PuC2
� SðxC1

Þ_eÞ, (20)

wi
T ¼ ti2

T
ð�Aðyk

PÞð
_yk

PÞ
2uC2
þ Ayðy

k
PÞ
_yk

P _uC2
Þ þ _t

i

2
Tð _Rk

P þ Ayðy
k
PÞ
_yk

PuC2
� SðxC1

Þ_eÞ. (21)

The matrix Ay is the partial derivative of the transformation matrix A with respect to y and qjk ¼ fe
j
B; q

k
Pg

T is
the vector of j-th belt element and the k-th pulley coordinates. Continuous contact demands
gi

N ¼ _gi
N ¼ €gi

N ¼ 0, while separation is only possible if the relative acceleration €gi
N40. The transition from

sticking to sliding occurs for a closed contact if the relative acceleration j €gi
T j40. Eqs. (18), which hold for the

contact pair i, can be used to form the matrix of the relative normal €gN and the tangential €gT accelerations for
all the contacts between the belt and all the pulleys:

€gN ¼WT
N €qþ wT

N ; €gT ¼WT
T €qþ wT

T , (22)

WN ¼ ½W
1
N ; . . . ;W

i
N ; . . . ;W

n�
S

N �; wN ¼ fw
1
N ; . . . ;w

i
N ; . . . ;w

n�
S

N g, (23)

WT ¼ ½W
1
T ; . . . ;W

i
T ; . . . ;W

n�
S

T �; wT ¼ fw
1
T ; . . . ;w

i
T ; . . . ;w

n�
S

T g, (24)

where vector q ¼ feB; qPg
T includes all element and pulley coordinates and the value of n�S denotes the number

of all the contacts that fulfill the condition of vanishing distance gi
N ¼ 0.

3.2. Dynamics of the belt drive including contacts

The equation of motion including the belt, the pulley and the contact forces can be written in the form

€qr ¼ HFQc þ h; h ¼ HFQe þ hD (25)
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where

€qr ¼
€qB

€qP

( )
; HF ¼

M
�1

B QT
2 0

0 Hqq

" #
; Qe ¼

QeB

QeP

( )
; hD ¼

0

HqlQdP

( )
. (26)

The vector qr includes the pulley coordinates and the independent belt coordinates. The contact forces Qc

include the components of the normal forces and the tangential forces, which are combined in vectors of the
Lagrange multipliers kN and kT . Using the constraint matrices in Eqs. (23) and (24) the contact forces can be
added to Eq. (25) [28]:

€qr ¼ HF ðWNkN þWTkT Þ þ h, (27)

as Lagrange multipliers. All the possible contact points nC are organized in four sets, which describe the
kinematic state of each of the contacts:

IC ¼ f1; 2; . . . ; nCg

I�S ¼ fi 2 ICjg
i
Np0g; n�S elements,

IS ¼ fi 2 I�Sj _g
i
Na0g; nS elements,

IN ¼ fi 2 I�Sj _g
i
N ¼ 0g; nN elements,

IH ¼ fi 2 I�Sj _g
i
T ¼ 0g; nH elements. (28)

The set I�S contains all the closed contacts, the set IN contains the continuous contacts and the set IH contains
the possible sticking contacts. The contact sets are a bit different to the one presented in Ref. [28] for
continuous contacts with friction. Here, besides the continuous contacts, also the impact contacts are
included. Moreover, the contact set IH includes possible continuous sticking contacts as well as possible
impact contacts with zero relative tangential velocity. The contact set IS contains the impact contacts, which
in the case of rigid bodies are treated separately. The equations of motion have to be reformulated in terms of
velocities and impulses instead of accelerations and impact forces. However, unlike rigid bodies, where the
impact duration is infinitesimal, the impact events in a flexible multibody systems take a longer time due to the
effect of local deformations. The deformations can be simulated as the penetration of the pulley into the belt.
This enables us to compute the impact forces using the well-known penalty method. As this penetration gi

Np0
is very small, it can be neglected when deriving the relative kinematic variables. Thus, Eqs. (18) representing
the relative accelerations that were derived assuming gi

N ¼ 0 can still be used. The presented contact model
combines a description of the continuous and possible sticking contacts using the LCP formulation together
with the penalty formulation in order to compute the impact forces. The contact forces are divided as:

kS ¼ fK
i
Pgi

N þ Ci
P _g

i
Ng; WS ¼ fW

i
Ng; i 2 IS,

kNC ¼ fl
i
Ng; WNC ¼ fW

i
Ng; wNC ¼ fw

i
Ng; €gNC ¼ f €g

i
Ng; i 2 IN ,

kH ¼ fl
i
T g; WH ¼ fW

i
T g; wH ¼ fw

i
T g; €gH ¼ f €g

i
T g; i 2 IH ,

kGN ¼ fl
i
T g; WGN ¼ fW

i
T g; lGN ¼ f�m

isignð _gi
T Þg; i 2 INnIH ,

kGS ¼ fl
i
T g; WGS ¼ fW

i
T g; lGS ¼ f�m

isignð _gi
T Þg; i 2 ISnIH , (29)

where Ki
P and Ci

P are the stiffness and damping coefficients of the penalty force and mi is the coefficient of
friction. When the belt impacts the pulley, the pulley penetrates a certain distance gi

No0 into the belt, as
depicted in Fig. 3. We can consider that the belt contact region is covered with spring–damper elements
scattered over the surface. First, the contact pair i is a member of the contact set IS. As the penalty force
includes a dissipative component, after a period of time the normal velocity of the contact pair is equal to
_gi

N ¼ 0. Now the contact pair can be classified as a continuous contact and it becomes a member of the contact
set IN . In the tangential direction the sliding and sticking zones depend on the operation conditions of the belt
drive. Typically, in the case of steadily operating belt drives one sticking and sliding zone is expected, as shown
in Fig. 3. In this special case the contact pair on the incoming belt first corresponds to the contact set IH and
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Fig. 3. The contact sets in the case of steadily operating belt drives.
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when the belt pair starts to slide to the contact set INnIH . However, it should be noted that our contact model
is general and it is not limited to steadily operating belt drives.

Using the abbreviations (29) and expressing the sliding contacts with their normal forces using the Coulomb
friction law, Eqs. (22) and (27) can be written as follows:

€qr � h�HF ½WNC þWGNlGN ;WH �
kNC

kH

( )
�HF ðWS þWGSlGSÞkS ¼ 0, (30)

€gNC

€gH

( )
¼

WT
NC

WT
H

( )
T€qr þ

wT
NC

wT
H

( )
, (31)

where the following transformation is employed:

€q ¼ T€qr; T ¼
Q2 0

0 I

� �
. (32)

The unknown quantities are the reduced generalized acceleration €qr, the continuous contact forces kNC and the
tangential forces kH , as well as the corresponding relative accelerations €gNC and €gH . In order to compute these
quantities the contact laws of the system that are valid during the continuous contact and sticking as well as
for the transition to sliding or separation have to be applied. Here, the same procedure is proposed as was
presented in Refs. [28,47]. The normal contact law is shown in Fig. 4(a) and can be described using the
following complementarity condition:

€gNCX0; kNCX0; €gTNCkNC ¼ 0. (33)

The penalty method is especially inefficient at high values of the stiffness coefficient Ki
P. So our approach,

where the normal contact forces with a vanishing normal relative velocity are determined using the LCP
formulation, actually improves the computational performance.

For the tangential contact problem we use the representation of Coulomb’s friction law on the acceleration
level, as shown in Fig. 4(b):

sticking: jli
T jomi

0l
i
N ¼) j €g

i
T j ¼ 0

sliding: jli
T j ¼ mi

0l
i
N ¼) j €g

i
T j40

)
; i 2 IH , (34)
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ii i
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Fig. 4. Contact laws: (a) contact law in the normal direction; (b) contact law in the tangential direction.
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where mi
0 is the coefficient of static friction. To formulate the LCP in the tangential direction the proposed

method in Ref. [47] was applied. In the case of two-dimensional contact situations this formulation yields two
equations for each sticking contact in the tangential direction. To get a complementarity condition,
we introduce the friction saturations kH0 ¼ fkH01; kH02g

T and the amounts of the relative accelerations
j ¼ fj1;j2g

T [47]. Since the impact forces are computed using the penalty method and are therefore known the
friction saturations can be written as

kH01

kH02

( )
¼

lOHN �I 0

lOHN 0 I

" # kNC

kH

kH

8><
>:

9>=
>;þ

l0HS

l0HS

( )
kS. (35)

The matrix lOHN of size nH � nN includes the coefficient of static friction that belongs to the set of continuous
contacts IN . Similarly, the matrix lOHS of size nH � nS includes the coefficient of static friction that belongs to
the collision contacts set IS. In Eq. (35) the part including the impact contacts with zero relative velocity in
tangential direction is additionally included in the formulation. However, in order to include the expression in
the LCP formulation this part has to be written separately. This is due to the fact that impact forces kS are
computed using the penalty method and are therefore known. Eq. (35) is in this form appropriate for inclusion
in the LCP formulation. Finally, the complementarity form together for the normal and the tangential
direction can be written as

y ¼ Axþ b; yX0; xX0; yTx ¼ 0, (36)

where

y ¼

€gNC

j1

kH02

8><
>:

9>=
>;; x ¼

kNC

kH01

j2

8><
>:

9>=
>;, (37)

A ¼

WT
NCTHF ½WNC þWGNlGN þWHl0HN � �W

T
NCTHFWH 0

�WT
HTHF ½WNC þWGNlGN þWHl0HN � WT

HTHFWH I

2l0HN �I 0

2
64

3
75, (38)

b ¼

WT
NCT½hþHF ½WS þWGSlGS þWHl0HS�kS� þ wT

NC

�WT
HT½hþHF ½WS þWGSlGS þWHl0HS�kS� þ wT

H

2l0HSkS

8><
>:

9>=
>;. (39)

This LCP is in standard form and can be solved using, for example, the Lemke algorithm [48]. When only
continuous contacts with friction are considered the third part of the vector b is equal to 0. However, in our
case the third part of vector b is equal to 2l0HSkS, because the impact contacts with zero relative velocity in the
tangential direction are also included in the formulation. As the tangential sticking forces are not explicitly
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computed in the solution vectors x and y they can be determined using the following equation:

kH ¼ l0HNkNC þ l0HSkS � kH01. (40)

In each time step the contacts are classified into contact sets and the LCP of the system is constructed. Using
the computed contact forces the generalized accelerations can be determined. Later on the generalized
coordinates can be determined using, for example, the fourth-order Runge–Kutta integration scheme.

4. Numerical examples

In this section, the results for the two-pulley belt-drive system shown in Fig. 5 are presented. The parameters
of the belt drive are given in Table 1. The initial tension of the belt spans is achieved by increasing the central
distance of the pulleys. Each belt element has two possible contact points at the locations x1 ¼ L=4 and
x2 ¼ 3L=4. However, in order to avoid a polygonal effect the elements that enter or exit the pulley have three
additional contact points at the locations x3 ¼ 0, x4 ¼ L=2 and x5 ¼ L. First, a steadily operating belt drive is
considered and a verification study is performed. Secondly, accounting for driver-pulley excitations, several
contact quantities are presented together with the conclusions.

4.1. Verification study

Here the belt-drive model is verified by a comparison of the results with the available analytical solutions
presented in Ref. [12] and the convergence of the method is examined. However, we should keep in mind that
the analytical solution is obtained using the following assumptions: the motion is steady, the normal belt
acceleration is always zero, the tension and velocity in the belt spans are constant, the belt bending stiffness is
neglected and there is no sliding of the belt in the no-slip zone. Due to the simplification proposed in the
analytical model some differences are likely in comparison with our model. The angular velocity of the driver
TP .

LC

R
R2

�P
1

driver pulley

driver pulley

Fig. 5. Two-pulley belt-drive system.

Table 1

Belt-drive parameters

Parameter Symbol Value

Radius of the driver and the driven pulley R 0:08125m
Mass moment of inertia of the driver/driven pulley J 0:02 kgm2

Pulley central distance Lc 0:253m
Density of the belt material r 1036kg=m3

Young’s modulus E 1� 108 N=m2

Viscous damping factor Z 5000N s=m2

Moment of inertia of the belt cross-section I 2:08� 10�10 m4

Belt cross-section A 10�4 m2

Penalty spring coefficient Kp 5� 106 N=m
Penalty damping coefficient Cp 3� 102 N s=m
Friction coefficient m 0:8
Initial tension T0 550N
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pulley and the torque of the driven pulley have the following profile:

_y1P ¼
60t=0:3; 0 sptp0:3 s

60; t40:3 s

(
½rad=s�, (41)

T2
P ¼

45t=0:3; 0 sptp0:3 s

45; t40:3 s

(
½Nm�. (42)

In Fig. 6 the angular velocity of the driven versus the driver pulley is presented. As expected, there is some
angular speed loss due to the belt creeping over the pulley surface. The analytically obtained angular speed loss
is equal to 0:82 rad=s. As can be seen from Fig. 6 the angular speed loss predicted by our model is practically
the same. Moreover, good convergence is observed as the angular velocities of the driven pulley using 32, 40
and 60 belt elements are practically the same. From now on all the presented contact quantities in the figures
are shown over the time interval t 2 ½1 1:5� s, if not stated otherwise. The normal and frictional forces between
the belt and the driver/driven pulley for different numbers of elements in comparison with the analytical
solution are presented in Fig. 7. The predicted contact forces are in good agreement with the analytically
obtained forces. However, our model predicts the peaks of the normal and the tangential forces at the entry
and exit sections of the belt. This phenomenon has already been reported in Ref. [15], and it is the effect of the
bending stiffness which is, in the case of the analytical solution, neglected. The relative tangential velocities
between the belt and the driver/driven pulley are presented in Fig. 8. As expected, in the case of steadily
operating belt drives one stick zone ( _gT ¼ 0) and one slip zone ( _gTa0) develops on each pulley. The frictional
forces are practically equal to zero across the stick zone, as can be seen from Figs. 7(c) and (d). However,
where the belt enters the pulley the frictional forces are slightly more than zero. This is the effect of bending
the belt over the pulley surface and the used penalty method, which models the deformation of the belt. Due to
this effect the belt element moves in the normal direction of the contact, which causes the increase in the belt
tension and, consequently, some amount of frictional forces. From the presented results it is evident that when
using only 40 elements the convergence of the results is sufficient. So, the following results are presented using
40 elements in the belt model.

In Fig. 9 the tension in a slack and a tight belt span are presented as a function of time. According to the
analytical solutions the axial tension in a slack and a tight span should be equal to 265.9 and 820:1N. It can be
seen that when a steady operation of the belt drive is reached both belt-span tensions are in good agreement
with the analytical solutions. The influence of the penalty contact parameters on the normal force is shown in
Fig. 10. Along with this plot the relative contact normal velocity is presented in order to be able to distinguish
between the contact sets IS and IN . It is clear that there are some differences where the belt enters the pulley,
0.3 0.35 0.4 0.45 0.5 0.55 0.6

58.6

58.8

59

59.2

59.4

59.6

59.8

60

� P
 [
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d/

s]

t [s]

Fig. 6. Angular velocities of the driver and the driven pulley: (� � �) driver pulley, (� � �) driven pulley (32 belt elements), (—–) driven

pulley (40 belt elements), (� � �) driven pulley (60 belt elements).
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as here the penalty method is used to compute the normal forces. In the other contact region, where the
normal contact forces are computed using the LCP formulation, there is practically no difference. This implies
that in our contact model the penalty parameters are not influential, so there is no need to determine them
experimentally. For example, they can be roughly assessed from the material characteristics.

The influence of the friction coefficient on the contact forces is shown in Fig. 11. As expected, with an
increasing friction coefficient the wrapping angle of the stick zone increases, but, on the other hand, the
wrapping angle of the slip zone reduces.

4.2. Driver-pulley excitations

Here, the excitation of the belt drive is implied by the harmonically varying driver pulley’s angular velocity.
The velocity of the driver pulley is given by the following velocity profile:

_y1P ¼
60t=0:3; 0 sptp0:3 s

60þ 10 sinð20ptÞ; t40:3 s

(
½rad=s�. (43)
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The torque on the driven pulley is the same as in previous examples. The driver-pulley excitations cause the
fluctuation of the belt-span tension, as can be seen from Fig. 12. This means that the contact forces, shown in
Fig. 13, are not constant over the time interval t 2 ½1 1:5� s. Also, in this case, one stick and one slip zone
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Fig. 11. Influence of the friction coefficient on the contact forces: (a) normal force per unit length; (b) tangential force per unit length. (� � �)

m ¼ 0:4, (� � �) m ¼ 0:6, (—–) m ¼ 0:8, (� � �) m ¼ 1, (� � ��) m ¼ 1:2.
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Fig. 12. Non-steady tension in belt spans. (—–) slack span, (� � �) tight span.
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develops on each pulley, which can be seen from Fig. 14. However, the wrapping angle of the stick and slip
zones is not unique; it is changing with time. Here, the frictional forces in the sticking zone are not equal to
zero but are scattered approximately in the interval f T 2 ½�2 2�kN=m. For instance, in Fig. 13(b) the
frictional forces at time t ¼ 1:19 s are also outlined. Although the stick condition implies that they should be
equal to zero, this is not the case in our example. So, in this numerical example the used contact model, where
the discontinuous Coulomb’s friction law is proposed, may give a more accurate prediction of the contact
forces than using, for example, the approximate Coulomb’s friction laws.

5. Conclusion

In this paper a belt-drive model including one flexible belt and an arbitrary number of pulleys was presented.
The belt element was based on an absolute nodal coordinate formulation. The nonlinear stiffness and damping
matrices were derived for the viscoelastic material of the belt. Here, the belt–pulley contact forces were
formulated using the LCP together with the penalty method. The discontinuous Coulomb friction law was
applied in order to model the frictional forces. The continuous contacts in the normal direction and the possible
sticking contacts in the tangential direction of the contact were formulated as the LCP, while the normal impact
forces were computed using the penalty method. The applicability of the developed model was demonstrated on
several numerical examples. First, assuming steady operational conditions, the comparison with the analytical
results and the convergence analysis was performed. Several response variables were compared, and good
agreement was found with the analytically obtained results. We demonstrated that with our contact model the
values of the penalty parameters have a small influence on the size of the contact forces. Thus these parameters
can be roughly assessed from the material characteristics and do not have to be determined experimentally. The
full applicability of the model was demonstrated by considering a non-steady belt-drive operational condition.
Here, it was shown that in the stick zone the frictional forces are not necessarily equal to zero. This implies that
the belt–pulley contact presented in this study may more accurately predict the contact forces than, for
example, using the contact model where an approximate Coulomb friction law is used.
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[32] J. Slavič, M.D. Bryant, M. Boltežar, A new approach to roughness-induced vibrations on a slider, Journal of Sound and Vibration 306

(2007) 732–750.

[33] P. Alart, A. Curnier, A mixed formulation for frictional contact problems prone to Newton like solution methods, Computer Methods

in Applied Mechanics and Engineering 92 (1991) 353–375.
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